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Abstract
We study vacua, walls and three-pronged junctions of mass-deformed nonlinear
sigma models on SO(2N)/U(N) and Sp(N)/U(N) for generic N . We review and
discuss the on-shell component Lagrangians of the N = 2 nonlinear sigma model on
the Grassmann manifold, which are obtained in the N = 1 superspace formalism and
in the harmonic superspace formalism. We also show that the Ka¨hler potential of the
N = 2 nonlinear sigma model on the complex projective space, which is obtained in
the projective superspace formalism, is equivalent to the Ka¨hler potential of theN = 2
nonlinear sigma model with the Fayet-Iliopoulos parameters ca = (0, 0, c = 1) on the
complex projective space, which is obtained in the N = 1 superspace formalism.
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1 Introduction
Topological solitons of supersymmetric theories are Bogomol’nyi-Prasad-Sommerfield (BPS)
states, which preserve a fraction of supersymmetry [1]. Walls and junctions preserve 1/2
SUSY [2] and 1/4 SUSY respectively [3]. Potential terms and various wall configurations
are discussed in [4, 5, 6, 7, 8].
The moduli matrix formalism is proposed in [9] to analyse walls in the N = 2 su-
persymmetric U(NC) gauge theory. In the strong coupling limit, the model becomes the
mass-deformed N = 2 nonlinear sigma model on the Grassmann manifold GNF ,NC , which
is defined by GN+M,M =
SU(N+M)
SU(N)×SU(M)×U(1) . The N = 2 nonlinear sigma model on the
Grassmann manifold with the Fayet-Iliopoulos (FI) parameters ca = (0, 0, c) has a bundle
structure so that the model can be parametrised by a field that parametrises the base man-
ifold and a field that parametrises the cotangent space as the fiber [7, 10]. It is shown in
[9] that with the FI parameters, only one of the fields in the hypermultiplet contributes
to the configuration of vacua and walls. It is also shown that wall solutions are exact in
the strong coupling limit. Hermitian symmetric spaces SO(2N)/U(N) and Sp(N)/U(N)
are quadrics of the Grassmann manifold [11]. Kink solutions are studied in mass-deformed
nonlinear sigma models on SO(2N)/U(N) and Sp(N)/U(N) [12, 13, 14, 15].
Complex mass parameters can be introduced to hypermultiplets of N = 2 nonlinear
sigma models in dimensions D ≤ 3+1. We can construct wall junctions, which preserve 1/4
supersymmetry in mass-deformedN = 2 nonlinear sigma models. As only one complex field
of the hypermultiplet contributes to vacua, walls and junctions of the mass-deformed N = 2
nonlinear sigma model on the Grassmann manifold with the FI parameters ca = (0, 0, c),
mass-deformed nonlinear sigma models, which have junctions, on the Grassmann manifold
and the quadrics of the Grassmann manifold can be obtained by either setting the other
complex field zero in N = 2 nonlinear sigma models or complexifying mass matrices and
adjoint scalar fields in N = 1 nonlinear sigma models [16, 17].
Junctions of mass-deformed nonlinear sigma models on the complex projective space and
on the Grassmann manifold are studied in the moduli matrix formalism [16, 17, 18]. In [17],
three-pronged junctions of the mass-deformed nonlinear sigma model on the Grassmann
manifold are constructed by embedding the Grassmann manifold to the complex projective
space using the Plu¨cker embedding. In [18], three-pronged junctions of the mass-deformed
nonlinear sigma models on the Grassmann manifold are constructed by utilising diagrams
of the pictorial representation, which is proposed in [14]. In [19], three-pronged junctions of
the mass-deformed nonlinear sigma models on SO(8)/U(4) and Sp(3)/U(3) are constructed
by the diagram method, which is proposed in [18].
In this paper, we construct three-pronged junctions of SO(2N)/U(N) and Sp(N)/U(N)
for generic N as a sequel to [19]. We review and discuss the on-shell component Lagrangians
of the N = 2 nonlinear sigma model on the Grassmann manifold obtained in the N = 1
superspace formalism and in the harmonic superspace formalism. We compare the Ka¨hler
1
potentials of the N = 2 nonlinear sigma model on the complex projective space obtained
in the N = 1 superspace formalism and in the projective superspace formalism.
This paper is organised as follows. In Section 2, we construct mass-deformed nonlinear
sigma models on SO(2N)/U(N) and Sp(N)/U(N) by complexifying the mass matrix and
the adjoint scalar field of the mass-deformedN = 1 supersymmetric nonlinear sigma models
on SO(2N)/U(N) and Sp(N)/U(N) to study vacua, walls and three-pronged junctions. In
Section 3, we study three-pronged junctions of mass-deformed nonlinear sigma models on
SO(2N)/U(N) with N = 4m and N = 4m + 1. In Section 4, we study three-pronged
junctions of mass-deformed nonlinear sigma models on Sp(N)/U(N) with N = 4m − 1
and N = 4m. In Section 5, we review and discuss the N = 2 nonlinear sigma models
on the Grassmann manifold or the complex projective space. We show that the on-shell
component Lagrangian of the nonlinear sigma model on the Grassmann manifold obtained
in the harmonic superspace formalism [20, 21] is equivalent to the on-shell component
Lagrangian obtained in the N = 1 superspace formalism [10, 22]. We also show that the
Ka¨hler potential of the N = 2 nonlinear sigma model on the complex projective space
obtained in the projective superspace formalism [23] is equivalent to the Ka¨hler potential
of the N = 2 nonlinear sigma model with the Fayet-Iliopoulos parameters ca = (0, 0, c = 1)
on the complex projective space obtained in the N = 1 superspace formalism [7, 10].
2 Models
Vacua and walls of mass-deformed nonlinear sigma models on SO(2N)/U(N) and Sp(N)/U(N)
are constructed in the N = 1 supersymmetric nonlinear sigma models [12, 14, 15]. The
bosonic part of the Lagrangian is
L = Tr
(
DµADµA− |AM˜ − ΣA|2 − |2JATA0|2
)
, (2.1)
with constraints
AA¯ − cIM = 0,
AJAT = 0, (c.t.) = 0,
J =
{
σ1 ⊗ IN , SO(2N)/U(N)
iσ2 ⊗ IN , Sp(N)/U(N). (2.2)
We follow the convention of [20]. A is an N × 2N matrix field, M˜ is a real-valued 2N × 2N
mass matrix, Σ is a real-valued N ×N matrix field and A0 is an N ×N matrix field. We
diagonalise Σ for later use.
We construct the bosonic component Lagrangian of mass-deformed nonlinear sigma
models on SO(2N)/U(N) and Sp(N)/U(N) to study three-pronged junctions. The La-
grangian of the mass-deformed nonlinear sigma model, which has three-pronged junctions,
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on the Grassmann manifold can be obtained by replacing the mass matrix and the adjoint
scalar field of the N = 1 model with a complex valued mass matrix and a complex-valued
matrix field [16, 17]. Therefore we can obtain the mass-deformed nonlinear sigma models
on SO(2N)/U(N) and Sp(N)/U(N), which are quadrics of the Grassmann manifold, by
replacing the mass matrix M˜ and the scalar field Σ with a complex valued mass matrix M
and a complex-valued matrix field S:
L = Tr (DµADµA− |AM − SA|2 − |2JATA0|2) . (2.3)
This type of complexification is also considered to construct dyonic configurations with
non-parallel charge vectors [13]. It is also shown that the Lagrangian can be derived from
a recently proposed nonlinear sigma model [19]. The Lagrangian (2.3) is constrained by
(2.2).
The complex mass matrix M is a linear combination of the Cartan generators Hi,
(i = 1, · · · , N):
M = l ·H,
l := (m1 + in1, · · · ,mN + inN),
H := (H1, · · · , HN). (2.4)
The matrix field S can be parametrised by real-valued matrices σi and τi, (i = 1, · · · , N):
S = diag(σ1 + iτ1, · · · , σN + iτN). (2.5)
The vacuum equations are
AM − SA = 0,
ATA0 = 0. (2.6)
The vacua are labelled by
(σ1 + iτ1, · · · , σN + iτN) = (±(m1 + in1), · · · ,±(mN + inN)). (2.7)
There are 2N−1 vacua in the mass-deformed nonlinear sigma model on SO(2N)/U(N)
and there are 2N vacua in the mass-deformed nonlinear sigma model on Sp(N)/U(N)
[12, 14, 15].
In this paper, we consider the following Lagrangian:
L = Tr
(
DµADµA−
∑
a=1,2
|AMa − ΣaA|2 − |2JATA0|2
)
, (2.8)
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where Ma and Σa, (a = 1, 2) are real valued, which are related to M and S by
M1 = Re(M), M2 = Im(M),
Σ1 = Re(S), Σ2 = Im(S). (2.9)
We investigate the static configurations, which have the Poincare´ invariance on the
worldvolume: ∂0 = ∂3 = 0, A0 = A3 = 0. The energy density can be calculated from the
Lagrangian (2.8). The Bogomol’nyi completion of the energy density produces the BPS
equation. The solution to the BPS equation in the moduli matrix formalism is
A = S−1H0eM1x1+M2x2 . (2.10)
The matrix H0 is the moduli matrix. The constraints (2.2) correspond to the following
equations:
SS¯ =
1
c
H0e
2M1x1+2M2x2H¯0,
H0JH
T
0 = 0. (2.11)
The worldvolume symmetry is
H ′0 = V H0, S
′ = V S, V ∈ GL(N,C). (2.12)
The first equation in (2.12) and the second equation (2.11) show that the moduli matrices
parametrise SO(2N)/U(N) and Sp(N)/U(N) respectively [12, 14, 15].
Walls are built from elementary walls, which are identified with scaled simple roots of
the global symmetry. The simple root generators and the simple roots are summarised
below [13, 24]:
•SO(2N)
Ei = ei,i+1 − ei+N+1,i+N , (i = 1, · · · , N − 1),
EN = eN−1,2N − eN,2N−1,
ai = eˆi − eˆi+1,
aN = eˆN−1 + eˆN . (2.13)
•USp(2N)
Ei = ei,i+1 − ei+N+1,i+N , (i = 1, · · · , N − 1),
EN = eN,2N ,
ai = eˆi − eˆi+1,
aN = 2eˆN . (2.14)
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3 Three-pronged junctions of the mass-deformed non-
linear sigma models on SO(2N)/U(N)
Vacua and elementary walls of the mass-deformed nonlinear sigma models on SO(2N)/U(N)
are studied in the pictorial representation [14]. Vacua and elementary walls are presented
as vertices and segments of diagrams in the pictorial representation. All the diagrams of
vacua and elementary walls are symmetric, although the array of the simple roots depends
on the parity of the flavour number. There is a recurrence of a diagram for each N mod 4
in the vacuum structures that are connected to the maximum number of elementary walls.
The diagrams are presented in Figure 1. The vacuum structures are proved by induction.
The whole structure of vacua and elementary walls of the mass-deformed nonlinear sigma
models on SO(2N)/U(N) for generic N can be derived from the vacuum structures that
are connected to the maximum number of elementary walls.
(a) (b)
(c) (d)
Figure 1: There is a recurrence of one of the diagrams for each N mod 4. (a)N = 4m− 2,
(b)N = 4m− 1, (c)N = 4m, and (d)N = 4m+ 1, (m ≥ 1).
In this section we construct three-pronged junctions from the diagrams (c) and (d) of
Figure 1 for generic N .
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The vacua are labelled in the descending order [14]:
(σ1 + iτ1, σ2 + τ2, · · · , σN−1 + iτN−1, σN + iτN)
= (m1 + in1,m2 + in2, · · · ,mN−1 + inN−1,mN + inN),
(σ1 + iτ1, σ2 + τ2, · · · , σN−1 + iτN−1, σN + iτN)
= (m1 + in1,m2 + in2, · · · ,−mN−1 − inN−1,−mN − inN),
...
(σ1 + iτ1, σ2 + τ2, · · · , σN−1 + iτN−1, σN + iτN)
= (±m1 ± in1,−m2 − in2, · · · ,−mN−1 − inN−1,−mN − inN),
(3.1)
where the sign ± is + for odd N and − for even N . Let 〈·〉 denote a vacuum, and 〈· ← ·〉
or 〈· ↔ ·〉 denote a wall.
3.1 N = 4m
In this subsection, we construct three-pronged junctions of the mass-deformed nonlinear
sigma model on SO(2N)/U(N) with N = 4m, (m ≥ 1). We reduce the model (2.8) by
setting M2 = 0 and Σ2 = 0 to the model (2.1) to investigate the structure of vacua and
elementary walls. The diagram in Figure 2 recurs at the vacua that are connected to the
maximum number of elementary walls [14].
H<
<
<
<
G<
<
F
<
<
D
<
<
E
<
<
C<
<
B<
<
A
N-2N
N-3 N-1
NN-2
Figure 2: Vacua and elementary walls of the mass-deformed nonlinear sigma model on
SO(2N)/U(N), N = 4m [14]. The numbers in brackets indicate the vacuum labels. The
numbers without brackets indicate the subscript i’s of simple roots αi, (i = N − 3, · · · , N).
Elementary walls are identified with scaled simple roots g〈·←·〉 = 2cαI, (I = 1, · · · , N)
with αI in (2.13), and compressed walls are linear combinations of the scaled simple roots
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[14, 19]. The single walls of the recurring diagram are derived below:
〈A← B〉 = 〈G← H〉 = 2cαN = 2c (eˆN−1 + eˆN) ,
〈A← C〉 = 〈F ← H〉 = 2cαN−2 + 2cαN = 2c (eˆN−2 + eˆN) ,
〈A← D〉 = 〈E ← H〉 = 2cαN−2 + 2cαN−1 + 2cαN = 2c (eˆN−2 + eˆN−1) ,
〈A← E〉 = 〈D ← H〉 = 2cαN−3 + 2cαN−2 + 2cαN = 2c (eˆN−3 + eˆN) ,
〈A← F 〉 = 〈C ← H〉 = 2cαN−3 + 2cαN−2 + 2cαN−1 + 2cαN = 2c (eˆN−3 + eˆN−1) ,
〈A← G〉 = 〈B ← H〉 = 2cαN−3 + 4cαN−2 + 2cαN−1 + 2cαN = 2c (eˆN−3 + eˆN−2) ,
〈A← H〉 = 0. (3.2)
〈B ← C〉 = 〈F ← G〉 = 2cαN−2 = 2c (eˆN−2 − eˆN−1) ,
〈B ← D〉 = 〈E ← G〉 = 2cαN−2 + 2cαN−1 = 2c (eˆN−2 − eˆN) ,
〈B ← E〉 = 〈D ← G〉 = 2cαN−3 + 2cαN−2 = 2c (eˆN−3 − eˆN−1) ,
〈B ← F 〉 = 〈C ← G〉 = 2cαN−3 + 2cαN−2 + 2cαN−1 = 2c (eˆN−3 − eˆN) ,
〈B ← G〉 = 0. (3.3)
〈C ← D〉 = 〈E ← F 〉 = 2cαN−1 = 2c (eˆN−1 − eˆN) ,
〈C ← E〉 = 〈D ← F 〉 = 2cαN−3 = 2c (eˆN−3 − eˆN−2) ,
〈C ← F 〉 = 0,
〈D ← E〉 = 0. (3.4)
The moduli matrices for the walls 〈A← B〉, 〈B ← C〉 and 〈A← C〉 can be read from
the diagram in Figure 2:
H0〈A←B〉 = H0〈A〉ee
rEN ,
H0〈B←C〉 = H0〈B〉ee
rEN−2 ,
H0〈A←C〉 = H0〈A〉ee
r[EN ,EN−2]. (3.5)
The wall operators are defined by the simple root generators in (2.13):
EN−2 = eN−2,N−1 − e2N−1,2N−2,
EN = eN−1,2N − eN,2N−1,
[EN , EN−2] = −eN−2,2N + eN,2N−2. (3.6)
We build three-pronged junctions. We set M2 6= 0 and Σ2 6= 0 and reformulate the
diagram in Figure 2 to produce the diagram in Figure 3. Vertices, segments and triangular
faces correspond to vacua, walls and three-pronged junctions.
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<A>
<B>
<C>
<F>
<H>
<G>
<D>
<E>
Figure 3: SO(2N)/U(N), N = 4m. Vertices, segments and triangular faces correspond to
vacua, walls and three-pronged junctions.
We study the three-pronged junction that divides the vacua {〈A〉, 〈B〉, 〈C〉}. The rele-
vant components of vacua can be read from the diagram in Figure 2, the moduli matrices
in (3.5) and the wall operators in (3.6). A vacuum moduli matrix has a nonzero element
at either (n, n) or (n,N + n) for each n-th row, (n ≤ N). EN has nonzero (N − 1, 2N) and
(N, 2N − 1). Therefore the vacuum 〈A〉 should have nonzero components in (N − 1, N − 1)
and (N,N). The operator ee
rEN adds (N − 1, 2N) and (N, 2N − 1) with the opposite signs
to 〈A〉. We can apply the same method to the walls that interpolate vacua {〈B〉, 〈C〉}
and {〈C〉, 〈A〉}. We transform the moduli matrices in (3.5) by the worldvolume symme-
try transformation (2.12) to produce generic wall solutions. The relevant elements of the
moduli matrices for 〈A↔ B〉, 〈B ↔ C〉 and 〈C ↔ A〉 are listed below:
H
(N−1,N−1)
0〈A↔B〉 = H
(N,N)
0〈A↔B〉 = exp (aN−1;N−1 + ibN−1;N−1) ,
H
(N−1,2N)
0〈A↔B〉 = −H(N,2N−1)0〈A↔B〉 = exp (aN−1;2N + ibN−1;2N) , (3.7)
H
(N−2,N−2)
0〈B↔C〉 = H
(N−1,2N−1)
0〈B↔C〉 = exp (aN−2;N−2 + ibN−2;N−2) ,
H
(N−2,N−1)
0〈B↔C〉 = −H(N−1,2N−2)0〈B↔C〉 = exp (aN−2;N−1 + ibN−2;N−1) , (3.8)
H
(N−2,N−2)
0〈C↔A〉 = H
(N,N)
0〈C↔A〉 = exp (aN−2;N−2 + ibN−2;N−2) ,
H
(N−2,2N)
0〈C↔A〉 = −H(N,2N−2)0〈C↔A〉 = exp (aN−2;2N + ibN−2;2N) . (3.9)
The first superscript is the row number and the second superscript is the column number.
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The wall solutions are obtained by the relation (2.10). The relevant elements of the
walls are presented in Appendix A.
The walls are located at the positions where the real parts of the elements with the
same colour number are equal. The position of 〈A↔ B〉 is
Re
(
A(N−1,N−1)〈A↔B〉
)
= Re
(
A(N−1,2N)〈A↔B〉
)
,
Re
(
A(N,N)〈A↔B〉
)
= Re
(
A(N,2N−1)〈A↔B〉
)
, (3.10)
(mN−1 +mN)x
1 + (nN−1 + nN)x
2 + (aN−1;N−1 − aN−1;2N) = 0. (3.11)
Only one of the parameters aN−1;I, (I = N−1, 2N) is independent since the moduli matrices
in (3.7) have the worldvolume symmetry (2.12).
The position of 〈B ↔ C〉 is
Re
(
A(N−2,N−2)〈B↔C〉
)
= Re
(
A(N−2,N−1)〈B↔C〉
)
,
Re
(
A(N−1,2N−2)〈B↔C〉
)
= Re
(
A(N−1,2N−1)〈B↔C〉
)
, (3.12)
(mN−2 −mN−1)x1 + (nN−2 − nN−1)x2 + (aN−2;N−2 − aN−2;N−1) = 0. (3.13)
Only one of the parameters aN−2;I, (I = N − 2, N − 1) is independent.
The position of 〈C ↔ A〉 is
Re
(
A(N−2,N−2)〈C↔A〉
)
= Re
(
A(N−2,2N)〈C↔A〉
)
,
Re
(
A(N,N)〈C↔A〉
)
= Re
(
A(N,2N−2)〈C↔A〉
)
, (3.14)
(mN−2 +mN)x
1 + (nN−2 + nN)x
2 + (aN−2;N−2 − aN−2;2N) = 0. (3.15)
Only one of the parameters aN−2;I, (I = N − 2, 2N) is independent.
There is a condition:
(aN−2;N−1 − aN−2;2N)− (aN−1;N−1 − aN−1;2N) = 0. (3.16)
Therefore there are only two independent parameters to specify the junction position as
expected. The position of the junction that divides {〈A〉, 〈B〉, 〈C〉} is calculated from
(3.11), (3.13) and (3.15):
(x, y) =
(
S1
S3
,
S2
S3
)
,
S1 = (aN−2;N−2 − aN−2;N−1)(nN−1 + nN)
− (aN−1;N−1 − aN−1;2N)(nN−2 − nN−1),
S2 = −(aN−2;N−2 − aN−2;N−1)(mN−1 +mN)
+ (aN−1;N−1 − aN−1;2N)(mN−2 −mN−1),
S3 = −mN−2(nN−1 + nN) +mN−1(nN−2 + nN) +mN(nN−2 − nN−1). (3.17)
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The solution (3.17) is constrained by (3.16).
3.2 N = 4m+ 1
In this subsection, we construct three-pronged junctions of the mass-deformed nonlin-
ear sigma model on SO(2N)/U(N) with N = 4m + 1. The structure of vacua and
walls can be analysed in the reduced mass-deformed model with M2 = 0 and Σ2 = 0.
There is a recurrence of the diagram in Figure 4 at the vacua that are connected to the
maximum number of elementary walls [14]. The single walls that interpolate the vacua
N N-2
N-3
N-1N-4
N-3
N-2 N
N-2 N-1
<A < < <B <C <
<D <
<E <
< <F
< <G
< <H
< <I
< <J
< <K
< <L
< <M
< <P < <Q < <R
Figure 4: Vacua and elementary walls of the mass-deformed nonlinear sigma model on
SO(2N)/U(N), N = 4m+1 [14]. The numbers in brackets indicate the vacuum labels. The
numbers without brackets indicate the subscript i’s of simple roots αi, (i = N − 4, · · · , N).
{〈H〉,〈K〉,〈L〉,〈M〉,〈P 〉,〈Q〉,〈R〉} can be derived from the diagram in Figure 4:
〈H ← K〉 = 〈H ←M〉 = 0,
〈H ← L〉 = 2cαN−4 = 2c(eˆN−4 − eˆN−3),
〈H ← P 〉 = 2cαN−4 + 2cαN−3 = 2c(eˆN−4 − eˆN−2),
〈H ← Q〉 = 2cαN−4 + 2cαN−3 + 2cαN−2 = 2c(eˆN−4 − eˆN−1),
〈H ← R〉 = 2cαN−4 + 2cαN−3 + 2cαN−2 + 2cαN−1 = 2c(eˆN−4 − eˆN). (3.18)
〈K ← L〉 = 〈M ← P 〉 = 2cαN = 2c(eˆN−1 + eˆN),
〈K ←M〉 = 〈L← P 〉 = 2cαN−3 = 2c(eˆN−3 − eˆN−2),
〈K ← P 〉 = 0,
〈K ← Q〉 = 2cαN−3 + 2cαN−2 + 2cαN = 2c(eˆN−3 + eˆN),
〈K ← R〉 = 2cαN−3 + 2cαN−2 + 2cαN−1 + 2cαN = 2c(eˆN−3 + eˆN−1). (3.19)
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〈L←M〉 = 0,
〈L← Q〉 = 2cαN−3 + 2cαN−2 = 2c(eˆN−3 − eˆN−1),
〈L← R〉 = 2cαN−3 + 2cαN−2 + 2cαN−1 = 2c(eˆN−3 − eˆN). (3.20)
〈M ← Q〉 = 2cαN−2 + 2cαN = 2c(eˆN−2 + eˆN),
〈M ← R〉 = 2cαN−2 + 2cαN−1 + 2cαN = 2c(eˆN−2 + eˆN−1). (3.21)
〈P ← Q〉 = 2cαN−2 = 2c(eˆN−2 − eˆN−1),
〈P ← R〉 = 2cαN−2 + 2cαN−1 = 2c(eˆN−2 − eˆN). (3.22)
〈Q← R〉 = 2cαN−1 = 2c(eˆN−1 − eˆN). (3.23)
<K>
<L>
<Q> <R>
<P>
<M>
<H>
Figure 5: SO(2N)/U(N), N = 4m+ 1. Vertices, segments and triangular faces correspond
to vacua, walls and three-pronged junctions.
The moduli matrices for 〈H ← L〉, 〈L← P 〉 and 〈H ← P 〉 are
H0〈H←L〉 = H0〈H〉ee
rEN−4 ,
H0〈L←P 〉 = H0〈L〉ee
rEN−3 ,
H0〈H←P 〉 = H0〈H〉ee
r[EN−4,EN−3]. (3.24)
The wall operators are defined by the simple root generators in (2.13):
EN−4 = eN−4,N−3 − e2N−3,2N−4,
EN−3 = eN−3,N−2 − e2N−2,2N−3,
[EN−4, EN−3] = eN−4,N−2 − e2N−2,2N−4. (3.25)
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We build three-pronged junctions. We set M2 6= 0, Σ2 6= 0 and reformulate the relevant
part of the diagram in Figure 4 to yield the diagram in Figure 5. Vertices, segments and
triangular faces correspond to vacua, walls and three-pronged junctions.
We study the three-pronged junction that divides the vacua {〈H〉, 〈L〉, 〈P 〉}. We apply
the worldvolume symmetry transformation to the single walls in (3.24) to produce generic
wall solutions:
H
(N−4,N−4)
0〈H↔L〉 = H
(N−3,2N−3)
0〈H↔L〉 = exp (aN−4;N−4 + ibN−4;N−4) ,
H
(N−4,N−3)
0〈H↔L〉 = −H(N−3,2N−4)0〈H↔L〉 = exp (aN−4;N−3 + ibN−4;N−3) , (3.26)
H
(N−3,N−3)
0〈L↔P 〉 = H
(N−2,2N−2)
0〈L↔P 〉 = exp (aN−3;N−3 + ibN−3;N−3) ,
H
(N−3,N−2)
0〈L↔P 〉 = −H(N−2,2N−3)0〈L↔P 〉 = exp (aN−3;N−2 + ibN−3;N−2) , (3.27)
H
(N−4,N−4)
0〈P↔H〉 = H
(N−2,2N−2)
0〈P↔H〉 = exp (aN−4;N−4 + ibN−4;N−4) ,
H
(N−4,N−2)
0〈P↔H〉 = −H(N−2,2N−4)0〈P↔H〉 = exp (aN−4;N−2 + ibN−4;N−2) . (3.28)
The wall solutions are obtained by the relation (2.10). The relevant elements of the
walls are presented in Appendix B.
The wall positions are computed by equalising the real parts of the flavour numbers for
each colour number. The position of 〈H ↔ L〉 is
Re
(
A(N−4,N−4)〈H↔L〉
)
= Re
(
A(N−4,N−3)〈H↔L〉
)
,
Re
(
A(N−3,2N−4)〈H↔L〉
)
= Re
(
A(N−3,2N−3)〈H↔L〉
)
, (3.29)
(mN−4 −mN−3)x1 + (nN−4 − nN−3)x2 + (aN−4;N−4 − aN−4;N−3) = 0. (3.30)
One of the parameters aN−4:I, (I = N − 4, N − 3) is independent.
The position of 〈L↔ P 〉 is
Re
(
A(N−3,N−3)〈L↔P 〉
)
= Re
(
A(N−3,N−2)〈L↔P 〉
)
,
Re
(
A(N−2,2N−3)〈L↔P 〉
)
= Re
(
A(N−2,2N−2)〈L↔P 〉
)
, (3.31)
(mN−3 −mN−2)x1 + (nN−3 − nN−2)x2 + (aN−3;N−3 − aN−3;N−2) = 0. (3.32)
One of the parameters aN−4:I, (I = N − 3, N − 2) is independent.
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The position of 〈P ↔ H〉 is
Re
(
A(N−4,N−4)〈P↔H〉
)
= Re
(
A(N−4,N−2)〈P↔H〉
)
,
Re
(
A(N−2,2N−4)〈P↔H〉
)
= Re
(
A(N−2,2N−2)〈P↔H〉
)
, (3.33)
(mN−4 −mN−2)x1 + (nN−4 − nN−2)x2 + (aN−4;N−4 − aN−4;N−2) = 0. (3.34)
One of the parameters aN−4:I, (I = N − 4, N − 2) is independent.
There is a consistency condition:
(aN−4;N−3 − aN−4;N−2)− (aN−3;N−3 − aN−3;N−2) = 0. (3.35)
Therefore two independent parameters describe the junction position. The position of the
junction that divides {〈H〉, 〈L〉, 〈P 〉} is
(x, y) =
(
U1
U3
,
U2
U3
)
,
U1 = (aN−3;N−3 − aN−3;N−2)(nN−4 − nN−3)
− (aN−4;N−4 − aN−4;N−3)(nN−3 − nN−2),
U2 = −(aN−3;N−3 − aN−3;N−2)(mN−4 −mN−3)
+ (aN−4;N−4 − aN−4;N−3)(mN−3 −mN−2),
U3 = mN−4(nN−3 − nN−2) +mN−3(−nN−4 + nN−2) +mN−2(nN−4 − nN−3). (3.36)
The solution (3.36) is constrained by (3.35).
4 Three-pronged junctions of mass-deformed nonlin-
ear sigma models on Sp(N)/U(N)
Vacua and elementary walls of mass-deformed nonlinear sigma models on Sp(N)/U(N)
are studied in the pictorial representation [15]. All the diagrams of vacua and elementary
walls are symmetric. There is a recurrence of a diagram for each N mod 4 in the vacuum
structures that are connected to the maximum number of elementary walls. The vacuum
structures are proved by induction. The diagrams are presented in Figure 6. The whole
structure of vacua and elementary walls of the mass-deformed nonlinear sigma models on
Sp(N)/U(N) for generic N can be derived from the vacuum structures that are connected
to the maximum number of elementary walls.
In this section we construct three-pronged junctions from the diagrams (c) and (d) of
Figure 6 for generic N .
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(a) (b)
(c) (d)
Figure 6: There is a recurrence of one of the diagrams for each N mod 4. (a)N = 4m− 3,
(b)N = 4m− 2, (c)N = 4m− 1, and (d)N = 4m, (m ≥ 1).
The vacua are labelled in the descending order [15]:
(Σ1,Σ2, · · · ,ΣN−1,ΣN) = (m1,m2, · · · ,mN−1,mN),
(Σ1,Σ2, · · · ,ΣN−1,ΣN) = (m1,m2, · · · ,mN−1,−mN),
(Σ1,Σ2, · · · ,ΣN−1,ΣN) = (m1,m2, · · · ,−mN−1,mN),
(Σ1,Σ2, · · · ,ΣN−1,ΣN) = (m1,m2, · · · ,−mN−1,−mN),
...
(Σ1,Σ2, · · · ,ΣN−1,ΣN) = (m1,−m2, · · · ,−mN−1,−mN),
(Σ1,Σ2, · · · ,ΣN−1,ΣN) = (−m1,m2, · · · ,mN−1,mN),
...
(Σ1,Σ2, · · · ,ΣN−1,ΣN) = (−m1,−m2, · · · ,−mN−1,−mN). (4.1)
4.1 N = 4m− 1
In this subsection, we construct three-pronged junctions of the mass-deformed nonlinear
sigma model on Sp(N)/U(N) with N = 4m − 1, (m ≥ 1). We reduce the model (2.8) by
setting M2 = 0 and Σ2 = 0 to investigate the structure of vacua and elementary walls. The
diagram in Figure 7 recurs at the vacua that are connected to the maximum number of
elementary walls [15]. Elementary walls are identified with scaled simple roots g〈·←·〉 = 2cαi,
(i = 1, · · · , N − 1) and g〈·←·〉 = cαN . Compressed walls are linear combination of the scaled
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Figure 7: Vacua and elementary walls of the mass-deformed nonlinear sigma model on
Sp(N)/U(N), N = 4m− 1 [14]. The numbers in brackets indicate the vacuum labels. The
numbers without brackets indicate the subscript i’s of simple roots αi, (i = N − 2, · · · , N).
simple roots [15, 19]. The single walls of the recurring diagram are derived below:
〈A← B〉 = 〈C ← D〉 = 〈E ← F 〉 = 〈G← H〉 = cαN = 2ceˆN ,
〈A← C〉 = 〈B ← D〉 = 〈E ← G〉 = 〈F ← H〉 = 2cαN−1 + cαN = 2ceˆN−1,
〈A← D〉 = 〈E ← H〉 = 0,
〈A← E〉 = 〈B ← F 〉 = 〈C ← G〉 = 〈D ← H〉 = 2cαN−2 + 2cαN−1 + cαN = 2ceˆN−2,
〈A← F 〉 = 〈C ← H〉 = 0,
〈A← G〉 = 〈B ← H〉 = 0,
〈A← H〉 = 0. (4.2)
〈B ← C〉 = 〈F ← G〉 = 2cαN−1 = 2c(eˆN−1 − eˆN),
〈B ← E〉 = 〈D ← G〉 = 2cαN−2 + 2cαN−1 = 2c(eˆN−2 − eˆN),
〈B ← G〉 = 0,
〈C ← E〉 = 〈D ← F 〉 = 2cαN−2 = 2c(eˆN−2 − eˆN−1),
〈C ← F 〉 = 0,
〈D ← E〉 = 0.
(4.3)
The moduli matrices for 〈A← B〉, 〈B ← C〉 and 〈A← C〉 can be read from the diagram
in Figure 7:
H0〈A←B〉 = H0〈A〉ee
rEN ,
H0〈B←C〉 = H0〈B〉ee
rEN−1 ,
H0〈A←C〉 = H0〈A〉ee
r[[EN ,EN−1],EN−1]. (4.4)
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<A>
<B>
<C>
<F>
<H>
<G>
<D>
<E>
Figure 8: Sp(N)/U(N), N = 4m − 1. Vertices, segments and triangular faces correspond
to vacua, walls and three-pronged junctions.
The wall operators are defined by the simple root generators in (2.14):
EN = eN,2N ,
EN−1 = eN−1,N − e2N,2N−1,
[[EN , EN−1] , EN−1] = 2eN−1,2N−1. (4.5)
The wall operator of 〈A← C〉 is defined by a multiple commutator since the sector involves
the summation of unequal length vectors.
We construct three-pronged junctions. We set M2 6= 0 and Σ2 6= 0 and reformulate the
diagram in Figure 7 to yield the diagram in Figure 8. Vertices, segments and triangular
faces correspond to vacua, walls and three-pronged junctions.
We study the three-pronged junction that divides the vacua {〈A〉, 〈B〉, 〈C〉}. We trans-
form the moduli matrices in (4.4) to produce generic wall solutions. The relevant elements
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of the moduli matrices for {〈A↔ B〉, 〈B ↔ C〉, 〈C ↔ A〉} are listed below:
H
(N,N)
0〈A↔B〉 = exp (aN ;N + ibN ;N) ,
H
(N,2N)
0〈A↔B〉 = exp (aN ;2N + ibN ;2N) .
H
(N−1,N−1)
0〈B↔C〉 = H
(N,2N)
0〈B↔C〉 = exp (aN−1;N−1 + ibN−1;N−1) ,
H
(N−1,N)
0〈B↔C〉 = −H(N,2N−1)0〈B↔C〉 = exp (aN−1;N + ibN−1;N) .
H
(N−1,N−1)
0〈C↔A〉 = exp (aN−1;N−1 + ibN−1;N−1) ,
H
(N−1,2N−1)
0〈C↔A〉 = exp (aN−1;2N−1 + ibN−1;2N−1) . (4.6)
The first superscript is the row number and the second superscript is the column number.
The wall solutions are obtained by the relation (2.10). The relevant elements of the
walls are presented in Appendix C.
The walls are located at the positions where the real parts of the elements in the same
row are equal. The position of 〈A↔ B〉 is
Re
(
A(N,N)〈A↔B〉
)
= Re
(
A(N,2N)〈A↔B〉
)
,
2mNx
1 + 2nNx
2 + (aN ;N − aN ;2N) = 0. (4.7)
Only one of the parameters aN ;I, (I = N, 2N) is independent as the moduli matrices in
(4.6) have the worldvolume symmetry (2.12).
The position of 〈B ↔ C〉 is
Re
(
A(N−1,N−1)〈B↔C〉
)
= Re
(
A(N−1,N)〈B↔C〉
)
,
Re
(
A(N,2N−1)〈B↔C〉
)
= Re
(
A(N,2N)〈B↔C〉
)
,
(mN−1 −mN)x1 + (nN−1 − nN)x2 + (aN−1;N−1 − aN−1;N) = 0. (4.8)
Only one of the parameters aN−1;I, (I = N − 1, N) is independent.
The position of 〈C ↔ A〉 is
Re
(
A(N−1,N−1)〈C↔A〉
)
= Re
(
A(N−1,2N−1)〈C↔A〉
)
,
2mN−1x
1 + 2nN−1x
2 + (aN−1;N−1 − aN−1;2N−1) = 0. (4.9)
Only one of the parameters aN−1;I, (I = N − 1, 2N − 1) is independent.
There is a consistency condition:
(aN−1;N−1 − aN−1;2N−1)− (aN ;N − aN ;2N)− 2 (aN−1;N−1 − aN−1;N) = 0. (4.10)
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Therefore there are only two independent parameters to specify the junction position. The
position of the junction that divides {〈A〉, 〈B〉, 〈C〉} is calculated from (4.7), (4.8) and (4.9):
(x, y) =
(
T1
T3
,
T2
T3
)
,
T1 = −2(aN ;N − aN ;2N)nN−1 + 2(aN−1;N−1 − aN−1;2N−1)nN ,
T2 = 2(aN ;N − aN ;2N)mN−1 − 2(aN−1;N−1 − aN−1;2N−1)mN ,
T3 = −4mN−1nN + 4mNnN−1. (4.11)
The solution (4.11) is constrained by (4.10).
4.2 N = 4m
In this subsection, we construct three-pronged junctions of the mass-deformed nonlinear
sigma model on Sp(N)/U(N) with N = 4m. The structure of vacua and walls can be anal-
ysed in the reduced mass-deformed model with M2 = 0 and Σ2 = 0. There is a recurrence of
the diagram in Figure 9 at the vacua that are connected to the maximum number of elemen-
tary walls [15]. The single walls that interpolate the vacua {〈H〉,〈K〉,〈L〉,〈M〉,〈P 〉,〈Q〉,〈R〉}
are derived from the diagram in Figure 9:
N N-1
N-2
NN-3
N-2
N-1 N
N-1 N
<A < < <B <C <
<D <
<E <
< <F
< <G
< <H
< <I
< <J
< <K
< <L
< <M
< <P < <Q < <R
Figure 9: Vacua and elementary walls of the mass-deformed nonlinear sigma model on
Sp(N)/U(N), N = 4m [14]. The numbers in brackets indicate the vacuum labels. The
numbers without brackets indicate the subscript i’s of simple roots αi, (i = N − 3, · · · , N).
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〈H ← K〉 = 0,
〈H ← L〉 = 2cαN−3 = 2c(eˆN−3 − eˆN−2),
〈H ←M〉 = 0,
〈H ← P 〉 = 2cαN−3 + 2cαN−2 = 2c(eˆN−3 − eˆN−1),
〈H ← Q〉 = 2cαN−3 + 2cαN−2 + 2cαN−1 = 2c(eˆN−3 − eˆN),
〈H ← R〉 = 2cαN−3 + 2cαN−2 + 2cαN−1 + cαN = 2ceˆN−3. (4.12)
〈K ← L〉 = 〈M ← P 〉 = 〈Q← R〉 = cαN = 2ceˆN ,
〈K ←M〉 = 〈L← P 〉 = 2cαN−2 = 2c(eˆN−2 − eˆN−1),
〈K ← P 〉 = 0,
〈K ← Q〉 = 〈L← R〉 = 2cαN−2 + 2cαN−1 + cαN = 2ceˆN−2,
〈K ← R〉 = 0. (4.13)
〈L←M〉 = 0,
〈L← Q〉 = 2cαN−2 + 2cαN−1 = 2c(eˆN−2 − eˆN),
〈M ← Q〉 = 〈P ← R〉 = 2cαN−1 + cαN = 2ceˆN−1,
〈M ← R〉 = 0,
〈P ← Q〉 = 2cαN−1 = 2c(eˆN−1 − eˆN). (4.14)
The moduli matrices for 〈H ← L〉, 〈L← P 〉 and 〈H ← P 〉 are
H0〈H←L〉 = H0〈H〉ee
rEN−3 ,
H0〈L←P 〉 = H0〈L〉ee
rEN−2 ,
H0〈H←P 〉 = H0〈H〉ee
r[EN−3,EN−2]. (4.15)
The wall operators are defined by the simple root generators in (2.14):
EN−3 = eN−3,N−2 − e2N−2,2N−3,
EN−2 = eN−2,N−1 − e2N−1,2N−2,
[EN−3, EN−2] = eN−3,N−1 − e2N−1,2N−3. (4.16)
We build three-pronged junctions. We set M2 6= 0, Σ2 6= 0 and reformulate the relevant
part of the diagram in Figure 9 to yield the diagram in Figure 10. Vertices, segments and
triangular faces correspond to vacua, walls and three-pronged junctions.
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<K>
<L>
<Q>
<R>
<P>
<M>
<H>
Figure 10: Sp(N)/U(N), N = 4m. Vertices, segments and triangular faces correspond to
vacua, walls and three-pronged junctions.
We study the three-pronged junction that divides the vacua {〈H〉, 〈L〉, 〈P 〉}. We apply
the worldvolume symmetry transformation to the single walls in (4.15) to produce generic
wall solutions:
H
(N−3,N−3)
0〈H↔L〉 = H
(N−2,2N−2)
0〈H↔L〉 = exp(aN−3;N−3 + ibN−3;N−3),
H
(N−3,N−2)
0〈H↔L〉 = −H(N−2,2N−3)0〈H↔L〉 = exp(aN−3;N−2 + ibN−3;N−2), (4.17)
H
(N−2,N−2)
0〈L↔P 〉 = H
(N−1,2N−1)
0〈L↔P 〉 = exp(aN−2;N−2 + ibN−2;N−2),
H
(N−2,N−1)
0〈L↔P 〉 = −H(N−1,2N−2)0〈L↔P 〉 = exp(aN−2;N−1 + ibN−2;N−1), (4.18)
H
(N−3,N−3)
0〈P↔H〉 = H
(N−1,2N−1)
0〈P↔H〉 = exp(aN−3;N−3 + ibN−3;N−3),
H
(N−3,N−1)
0〈P↔H〉 = −H(N−1,2N−3)0〈P↔H〉 = exp(aN−3;N−1 + ibN−3;N−1). (4.19)
The wall solutions are obtained by the relation (2.10). The relevant elements of the
walls are presented in Appendix D.
The wall positions are computed by equalising the real parts of the flavour numbers for
each colour number. The position of 〈H ↔ L〉 is
Re
(
A(N−3,N−3)〈H↔L〉
)
= Re
(
A(N−3,N−2)〈H↔L〉
)
,
Re
(
A(N−2,2N−3)〈H↔L〉
)
= Re
(
A(N−2,2N−2)〈H↔L〉
)
,
(mN−3 −mN−2)x1 + (nN−3 − nN−2)x2 + (aN−3;N−3 − aN−3;N−2) = 0. (4.20)
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One of the parameters aN−3;I, (I = N − 3, N − 2) is independent.
The position of 〈L↔ P 〉 is
Re
(
A(N−2,N−2)〈L↔P 〉
)
= Re
(
A(N−2,N−1)〈L↔P 〉
)
,
Re
(
A(N−1,2N−2)〈L↔P 〉
)
= Re
(
A(N−1,2N−1)〈L↔P 〉
)
,
(mN−2 −mN−1)x1 + (nN−2 − nN−1)x2 + (aN−2;N−2 − aN−2;N−1) = 0. (4.21)
One of the parameters aN−2;I, (I = N − 2, N − 1) is independent.
The position of 〈P ↔ H〉 is
Re
(
A(N−3,N−3)〈P↔H〉
)
= Re
(
A(N−3,N−1)〈P↔H〉
)
,
Re
(
A(N−1,2N−3)〈P↔H〉
)
= Re
(
A(N−1,2N−1)〈P↔H〉
)
,
(mN−3 −mN−1)x1 + (nN−3 − nN−1)x2 + (aN−3;N−3 − aN−3;N−1) = 0. (4.22)
One of the parameters aN−3;I, (I = N − 3, N − 1) is independent.
There is a consistency condition:
(aN−3;N−2 − aN−3;N−1)− (aN−2;N−2 − aN−2;N−1) = 0. (4.23)
Therefore two independent parameters describe the junction position. The position of the
junction that divides {〈H〉, 〈L〉, 〈P 〉} is
(x, y) =
(
V1
V3
,
V2
V3
)
,
V1 = (aN−2;N−2 − aN−2;N−1)(nN−3 − nN−2)
− (aN−3;N−3 − aN−3;N−2)(nN−2 − nN−1),
V2 = −(aN−2;N−2 − aN−2;N−1)(mN−3 −mN−2)
+ (aN−3;N−3 − aN−3;N−2)(mN−2 −mN−1),
V3 = mN−3(nN−2 − nN−1) +mN−2(−nN−3 + nN−1) +mN−1(nN−3 − nN−2). (4.24)
The solution (4.24) is constrained by (4.23).
The sector {〈H〉, 〈L〉, 〈P 〉}, which consists of equal length simple roots, of the recurring
diagram in Figure 9 of the mass-deformed nonlinear sigma models on Sp(N)/U(N) with
N = 4m have the same structure as the sector {〈H〉, 〈L〉, 〈P 〉} of the recurring diagram in
Figure 4 of the mass-deformed nonlinear sigma models on SO(2N)/U(N) with N = 4m+1.
5 N = 2 nonlinear sigma models on the Grassmann
manifold
In this section, we review and discuss the N = 2 nonlinear sigma models on the Grassmann
manifold written in the N = 1 superspace formalism [10, 22], in the harmonic superspace
21
formalism [20, 21] and in the projective superspace formalism [23]. We show that the on-
shell component Lagrangian of the mass-deformed nonlinear sigma model on the Grassmann
manifold that is obtained in the harmonic superspace formalism is equivalent to the on-shell
component Lagrangian that is obtained in the N = 1 superspace formalism. We also show
that the potential of the nonlinear sigma model on the complex projective space that is
obtained in the projective superspace formalism is equivalent to the potential with the FI
parameters ca = (0, 0, c = 1) that is obtained in the N = 1 superspace formalism.
In Section 5.1, we review the N = 2 nonlinear sigma model on the Grassmann manifold
obtained in the N = 1 superspace formalism. In Section 5.2, we review the nonlinear
sigma model on the Grassmann manifold obtained in the harmonic superspace formalism
and show that the on-shell component Lagrangian is equivalent to the on-shell component
Lagrangian that is obtained in the N = 1 superspace formalism. In Section 5.3, we compare
the potential of the complex projective space that is obtained in the projective superspace
formalism with the potential that is obtained in the N = 1 superspace formalism and show
that they are equivalent.
5.1 N = 1 superspace formalism
The N = 2 nonlinear sigma model on the Grassmann manifold is studied in the N = 1
superspace formalism in [7, 10, 22]. The mass-deformed nonlinear sigma model is
S =
∫
d4x
{∫
d4θ
[
Tr
(
ΦΦ¯eV + Ψ¯Ψe−V − cV
)]
+
∫
d2θ
[
Tr
(
Ξ(ΦΨ− bIM) + ΦMΨ
)
+ (c.t.)
]}
,
(c ∈ R≥0, b ∈ C). (5.1)
We follow the convention of [20]. We study the action (5.1) in terms of component fields.
The superfields are expanded as follows:
Φ IA (y) = A IA (y) +
√
2θζ IA (y) + θθF
I
A (y), (y
µ = xµ + iθσµθ¯),
Ψ AI (y) = B AI (y) +
√
2θη AI (y) + θθG
A
I (y),
V BA (x) = 2θσ
µθ¯A BµA (x) + iθθθ¯λ¯
B
A (x)− iθ¯θ¯θλ BA (x) + θθθ¯θ¯D BA (x),
Ξ BA (y) = −S BA (y) + θω BA (y) + θθK BA (y),
(i = 1, · · · , N +M ; A = 1, · · · ,M). (5.2)
The auxiliary fields are solved as
F = −B¯M¯ + S¯B¯, (c.t.),
G = −M¯A¯+ A¯S¯, (c.t.). (5.3)
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Then the action (5.1) becomes
S =
∫
d4xTr
[
DµADµA+DµBDµB − iζ¯σ¯µDµζ − iησµDµη
+
√
2i
2
(A¯λζ − ζ¯ λ¯A)+ √2i
2
(Bλ¯η¯ − ηλB¯)
−
√
2
2
(ηωA+ Bωζ)−
√
2
2
(A¯ω¯η¯ + ζ¯ω¯B¯)
− |AM − SA|2 − |MB − BS|2 − η (ζM − Sζ)− ζ¯ (η¯M¯ − S¯ η¯)
+ (AA¯ − B¯B − cIM)D +K(AB − bIM) + K¯(B¯A¯ − b∗IM)
]
, (5.4)
with the covariant derivatives defined by
DµA = ∂µA− iAµA, DµB = ∂µB + iBAµ,
Dµζ = ∂µζ − iAµζ, Dµη = ∂µη¯ − iAµη¯. (5.5)
It is shown in Section 5.2 that the on-shell component action (5.4) is equivalent to the on-
shell component action, which is obtained from the action that is written in the harmonic
superspace formalism [7, 20, 21].
We consider the massless case of the action (5.1) by setting M = 0:
S =
∫
d4x
{∫
d4θ
[
Tr(ΦΦ¯eV ) + Tr(Ψ¯Ψe−V )− cTrV
]
+
∫
d2θ
[
Tr
(
Ξ(ΦΨ− bIM)
)
+ (conjugate transpose)
]}
,
(c ∈ R≥0, b ∈ C). (5.6)
The constants b, b∗ and c are the FI parameters. The action is constrained by
ΦΦ¯eV − e−V Ψ¯Ψ− cIM = 0, (5.7)
ΦΨ− bIM = 0, (c.t.) = 0. (5.8)
The potential of the model is calculated by solving V from (5.7) and substituting it back
to the Lagrangian of (5.6) [7, 10]:
K = Tr
√
c2IM + 4ΦΦ¯Ψ¯Ψ− cTr ln
(
cIM +
√
c2IM + 4ΦΦ¯Ψ¯Ψ
)
+ cTr ln(ΦΦ¯). (5.9)
The constraint (5.8) can be solved for b = 0 case or b 6= 0 case with proper gauge fixing.
The two cases can be transformed to each other by SU(2)R transformations, which do not
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preserve the holomorphy [7, 10]. We consider the parametrisation, which is discussed in [7]:
•b = 0
Φ = (IM f) , Ψ =
( −fg
g
)
,
( f : M ×N, g : N ×M ). (5.10)
•b 6= 0
Φ = Q (IM s) , Ψ =
(
IM
t
)
Q, Q =
√
b (IM + st)
− 1
2 ,
( s : M ×N, t : N ×M ). (5.11)
The potential (5.9) with the parametrisation (5.10) is obtained in [7]:
K = Tr
√
c2IM + 4(IM + ff¯)g¯(IN + f¯f)g
− cTr ln
(
cIM +
√
c2IM + 4(IM + ff¯)g¯(IN + f¯f)g
)
+ cTr ln(IM + ff¯). (5.12)
It is shown in Section 5.3 that for M = 1, which corresponds to the complex projective
space, and c = 1 the potential (5.12) is equivalent to the potential that is obtained in the
projective superspace formalism [23].
5.2 Harmonic superspace formalism
The nonlinear sigma model on the Grassmann manifold is constructed in [20, 21]. The
component Lagrangian is also studied in [7]. We review the nonlinear sigma model and
present the component action in this section. We follow the convention of [20]. The action
is defined in the analytic superspace:
S = −
∫
dζ
(−4)
A duTr
[
φ˜+(D++A + iV
++)φ+ + ξ++V ++
]
, (5.13)
dζ
(−4)
A = d
4xAd
2θ+d2θ¯+.
We omit the subscript A of D++A and xA, which stands for the analytic basis, through this
paper. Field φ+ is an M × (N + M) matrix and field V ++ is an M ×M matrix. The
coefficient ξ++ = ξ(ij)u+(iu
+
j) is the set of FI parameters.
The harmonic variables u+i , u
−
i are defined [20] by
u+iu−i = 1, (5.14)
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and the integrals of products are∫
duu+i u
−
j =
1
2
ij,∫
duu+i u
+
j u
−
k u
−
l =
1
6
(ikjl + iljk). (5.15)
The conjugation ˜ is the product of the ordinary complex conjugation and the antipodal
map. The conjugation acts on the coefficients in the harmonic expansions, on the superspace
coordinates in the central basis and on the harmonics as follows:
f˜ i1···in = f i1···in ≡ f¯i1···in ,
θ˜αi = θαi = θ¯
i
α˙,
u˜±i = u
±i ≡ iju±j . (5.16)
The fields and the operator expand as follows:
φ+(ζ, u) = F+(x, u) +
√
2θ+αψα(x, u) +
√
2θ¯+α˙ ϕ¯(x, u)
α˙
+ (θ+)2M−(x, u) + (θ¯+)2N−(x, u) + iθ+σµθ¯+A−µ (x, u)
+
√
2(θ+)2θ¯+α˙ χ¯
(−2)α˙(x, u) +
√
2(θ¯+)2θ+ατ (−2)α (x, u)
+ (θ+)2(θ¯+)2D(−3)(x, u),
V ++(ζ, u) = −i(θ+)2Σ(x) + i(θ¯+)2Σ¯(x) + 2iθ+σµθ¯+Vµ(x)
+
√
2(θ¯+)2θ+αξiVα(x)u
−
i −
√
2(θ+)2θ¯+α˙ ξ¯
α˙i
V (x)u
−
i
+ 3θ+2θ¯+2DijV (x)u
−
i u
−
j ,
D++ = ∂++ − 2iθ+σµθ¯+∂µ + i(θ+)2(∂5 − i∂6)− i(θ¯+)2(∂5 + i∂6)
+ θ+α
∂
∂θ−α
+ θ¯+α˙
∂
∂θ¯−α˙
. (5.17)
The vector field V ++ in (5.17) is in the Wess-Zumino gauge. The derivatives defined in the
extra dimensions are replaced by
∂5 − i∂6 = im,
∂5 + i∂6 = im
∗, (5.18)
where m and m∗ are complex mass parameters for each field.
The equation of motion of (5.13)
D++φ+ + iV ++φ+ = 0, (5.19)
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produces the following equations:
∂++F+(x, u) = 0,
∂++ψ(x, u) = 0,
∂++ϕ¯(x, u) = 0,
∂++M−(x, u)− (F+(x, u)M− Σ(x, u)F+(x, u)) = 0,
∂++N−(x, u) +
(
F+(x, u)M¯ − Σ¯(x, u)F+(x, u)) = 0,
∂++A−µ (x, u)− 2
(
∂µ − iVµ(x)
)
F+(x, u) = 0, (5.20)
and the following equations:
∂++τ (−2)(x, u) + iσµ
(
∂µ − iVµ(x)
)
ϕ¯(x, u) + ψ(x, u)M¯ − Σ¯(x, u)ψ(x, u)
+ iξ−V (x, u)F
+(x, u) = 0,
∂++χ¯(−2)(x, u)− iσ¯µ
(
∂µ − iVµ(x)
)
ψ(x, u)− ϕ¯(x, u)M+ Σ(x, u)ϕ¯(x, u)
− iξ¯−V (x, u)F+(x, u) = 0,
∂++D(−3) +
(
∂µ − iV µ(x)
)
A−µ (x, u)−N−(x, u)M+ Σ(x, u)N−(x, u)
+M−(x, u)M¯ − Σ¯(x, u)M−(x, u)− iξ−V (x, u)ψ(x, u) + iξ¯−V (x, u)ϕ¯(x, u)
+ 3iD
(−2)
V (x, u)F
+(x, u) = 0. (5.21)
The matrices M and M¯ are the mass matrix and the conjugate transpose of it of which
the elements are (5.18).
The equations in (5.20) eliminate the auxiliary fields in the harmonic expansions. The
equations are solved by
F+(x, u) = f i(x)u+i ,
ψ(x, u) = ψ(x), ϕ¯(x, u) = ϕ¯(x),
M−(x, u) =
(
f i(x)M− Σ(x)f i(x)
)
u−i ,
N−(x, u) = −
(
f i(x)M¯ − Σ¯(x)f i(x)
)
u−i ,
A−µ (x, u) = 2
(
∂µ − iVµ(x)
)
f i(x)u−i . (5.22)
The equations in (5.21) not only eliminate the auxiliary fields in the harmonic expansions
but also put the physical fields on shell.
The on-shell component field action of the N = 2 nonlinear sigma models of the Grass-
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mann manifold is derived by substituting the physical fields in (5.22) to the action (5.13):
S =
∫
d4xTr
[
DµfiDµf
i − iψ¯σ¯µDµψ − iϕσµDµϕ
+
i
2
f¯iξ
i
Vψ −
i
2
f¯iξ¯
i
V ϕ¯−
i
2
ψ¯ξ¯V if
i − i
2
ϕξV if
i
− 1
2
(Mf¯i − f¯iΣ) (f iM¯ − Σ¯f i)− 1
2
(M¯f¯i − f¯iΣ¯) (f iM− Σf i)
− ψ¯ (ϕ¯M− Σϕ¯)− ϕ (ψM¯ − Σ¯ψ)
+ if (if¯ j)DV (ij) − ξ(ij)DV (ij)
]
, (5.23)
with the covariant derivatives defined by
Dµf
i = ∂µf
i − iVµf i,
Dµψ = ∂µψ − iVµψ, Dµϕ = ∂µϕ¯− iVµϕ¯. (5.24)
The action (5.23) and the action (5.4) are equivalent. They are related by the following
equations:
f 1 = A, f 2 = B¯, f¯1 = A¯, f¯2 = B,
ψ = ζ, ϕ¯ = −η¯,
Σ :=
eiα√
2
(
ΣΣ¯ + Σ¯Σ
) 1
2 , Σ = −S¯,
Σ¯ :=
e−iα√
2
(
ΣΣ¯ + Σ¯Σ
) 1
2 , Σ¯ = −S,
M := e
iβ
√
2
(MM¯+ M¯M) 12 , M = −M¯,
M¯ := e
−iβ
√
2
(MM¯+ M¯M) 12 , M¯ = −M,
ξ1V =
√
2λ, ξ2V =
√
2iω,
DV 11 = iK, DV 22 = −iK¯, DV (12) = −2iD,
ξ11 = −ib, ξ22 = ib∗, ξ(12) = ic
2
. (5.25)
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5.3 Projective superspace formalism
The Ka¨hler potential of the N = 2 nonlinear sigma model on the Grassmann manifold
GN+M,M , which is obtained in the projective superspace [23], is
K = Tr ln (IM + u¯u)− Tr ln
(
IM +
√
IM + v˜¯˜v
)
+ Tr
√
IM + v˜¯˜v
= Tr ln (IN + uu¯)− Tr ln
(
IN +
√
IN + ¯˜vv˜
)
+ Tr
√
IN + ¯˜vv˜, (5.26)
with
v˜ = s−1vs−1,
s−2 = IM + u¯u,
s−2 = IN + uu¯. (5.27)
Field u is an N ×M matrix and field v is an M ×N matrix.
The Ka¨hler potential (5.26) and the Ka¨hler potential (5.12) are equivalent for M = 1,
which corresponds to the complex projective space, and c = 1. They are related by the
following equations:
u = f¯ , (c.t.),
v = 2g¯, (c.t.). (5.28)
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Appendix A SO(2N)/U(N) with N = 4m
The relevant elements of 〈A↔ B〉, 〈B ↔ C〉, 〈C ↔ A〉 of the mass-deformed nonlinear
sigma model on SO(2N)/U(N) with N = 4m are presented in this section.
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A(N−1,N−1)〈A↔B〉 =
1√
sN−1
exp
(
mN−1x
1 + nN−1x
2 + aN−1;N−1 + ibN−1;N−1
)
,
A(N−1,2N)〈A↔B〉 =
1√
sN−1
exp
(−mNx1 − nNx2 + aN−1;2N + ibN−1;2N) ,
sN−1 =
1
c
[
exp
(
2mN−1x
1 + 2nN−1x
2 + 2aN−1;N−1
)
+ exp
(−2mNx1 − 2nNx2 + 2aN−1;2N) ]. (A.1)
A(N,N)〈A↔B〉 =
1√
sN
exp
(
mNx
1 + nNx
2 + aN−1;N−1 + ibN−1;N−1
)
,
A(N,2N−1)〈A↔B〉 =
1√
sN
exp
(−mN−1x1 − nN−1x2 + aN−1;2N + ibN−1;2N + ipi) ,
sN =
1
c
[
exp
(
2mNx
1 + 2nNx
2 + 2aN−1;N−1
)
+ exp
(−2mN−1x1 − 2nN−1x2 + 2aN−1;2N) ]. (A.2)
A(N−2,N−2)〈B↔C〉 =
1√
tN−2
exp
(
mN−2x
1 + nN−2x
2 + aN−2;N−2 + ibN−2;N−2
)
,
A(N−2,N−1)〈B↔C〉 =
1√
tN−2
exp
(
mN−1x
1 + nN−1x
2 + aN−2;N−1 + ibN−2;N−1
)
,
tN−2 =
1
c
[
exp
(
2mN−2x
1 + 2nN−2x
2 + 2aN−2;N−2
)
+ exp
(
2mN−1x
1 + 2nN−1x
2 + 2aN−2;N−1
) ]
. (A.3)
A(N−1,2N−2)〈B↔C〉 =
1√
tN−1
exp
(−mN−2x1 − nN−2x2 + aN−2;N−1 + ibN−2;N−1 + ipi) ,
A(N−1,2N−1)〈B↔C〉 =
1√
tN−1
exp
(−mN−1x1 − nN−1x2 + aN−2;N−2 + ibN−2;N−2) ,
tN−1 =
1
c
[
exp
(−2mN−2x1 − 2nN−2x2 + 2aN−2;N−1)
+ exp
(−2mN−1x1 − 2nN−1x2 + 2aN−2;N−2) ]. (A.4)
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A(N−2,N−2)〈C↔A〉 =
1√
uN−2
exp
(
mN−2x
1 + nN−2x
2 + aN−2;N−2 + ibN−2;N−2
)
,
A(N−2,2N)〈C↔A〉 =
1√
uN−2
exp
(−mNx1 − nNx2 + aN−2;2N + ibN−2;2N) ,
uN−2 =
1
c
[
exp
(
2mN−2x
1 + 2nN−2x
2 + 2aN−2;N−2
)
+ exp
(−2mNx1 − 2nNx2 + 2aN−2;2N) ]. (A.5)
A(N,N)〈C↔A〉 =
1√
uN
exp
(
mNx
1 + nNx
2 + aN−2;N−2 + ibN−2;N−2
)
,
A(N,2N−2)〈C↔A〉 =
1√
uN
exp
(−mN−2x1 − nN−2x2 + aN−2;2N + ibN−2;2N + ipi) ,
uN =
1
c
[
exp
(
2mNx
1 + 2nNx
2 + 2aN−2;N−2
)
+ exp
(−2mN−2x1 − 2nN−2x2 + 2aN−2;2N) ]. (A.6)
Appendix B SO(2N)/U(N) with N = 4m + 1
The relevant elements of 〈H ↔ L〉, 〈L↔ P 〉, 〈P ↔ H〉 of the mass-deformed nonlinear
sigma model on SO(2N)/U(N) with N = 4m+ 1 are presented in this section.
A(N−4,N−4)〈H↔L〉 =
1√
pN−4
exp
(
mN−4x
1 + nN−4x
2 + aN−4;N−4 + ibN−4;N−4
)
,
A(N−4,N−3)〈H↔L〉 =
1√
pN−4
exp
(
mN−3x
1 + nN−3x
2 + aN−4;N−3 + ibN−4;N−3
)
,
pN−4 =
1
c
[
exp
(
2mN−4x
1 + 2nN−4x
2 + 2aN−4;N−4
)
+ exp
(
2mN−3x
1 + 2nN−3x
2 + 2aN−4;N−3
) ]
. (B.1)
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A(N−3,2N−4)〈H↔L〉 =
1√
pN−3
exp
(−mN−4x1 − nN−4x2 + aN−4;N−3 + ibN−4;N−3 + ipi) ,
A(N−3,2N−3)〈H↔L〉 =
1√
pN−3
exp
(−mN−3x1 − nN−3x2 + aN−4;N−4 + ibN−4;N−4) ,
pN−3 =
1
c
[
exp
(−2mN−4x1 − 2nN−4x2 + 2aN−4;N−3)
+ exp
(−2mN−3x1 − 2nN−3x2 + 2aN−4;N−4) ]. (B.2)
A(N−3,N−3)〈L↔P 〉 =
1√
qN−3
exp
(
mN−3x
1 + nN−3x
2 + aN−3;N−3 + ibN−3;N−3
)
,
A(N−3,N−2)〈L↔P 〉 =
1√
qN−3
exp
(
mN−2x
1 + nN−2x
2 + aN−3;N−2 + ibN−3;N−2
)
,
qN−3 =
1
c
[
exp
(
2mN−3x
1 + 2nN−3x
2 + 2aN−3;N−3
)
+ exp
(
2mN−2x
1 + 2nN−2x
2 + 2aN−3;N−2
) ]
. (B.3)
A(N−2,2N−3)〈L↔P 〉 =
1√
qN−2
exp
(−mN−3x1 − nN−3x2 + aN−3;N−2 + ibN−3;N−2 + ipi) ,
A(N−2,2N−2)〈L↔P 〉 =
1√
qN−2
exp
(−mN−2x1 − nN−2x2 + aN−3;N−3 + ibN−3;N−3) ,
qN−2 =
1
c
[
exp
(−2mN−3x1 − 2nN−3x2 + 2aN−3;N−2)
+ exp
(−2mN−2x1 − 2nN−2x2 + 2aN−3;N−3) ]. (B.4)
A(N−4,N−4)〈P↔H〉 =
1√
rN−4
exp
(
mN−4x
1 + nN−4x
2 + aN−4;N−4 + ibN−4;N−4
)
,
A(N−4,N−2)〈P↔H〉 =
1√
rN−4
exp
(
mN−2x
1 + nN−2x
2 + aN−4;N−2 + ibN−4;N−2
)
,
rN−4 =
1
c
[
exp
(
2mN−4x
1 + 2nN−4x
2 + 2aN−4;N−4
)
+ exp
(
2mN−2x
1 + 2nN−2x
2 + 2aN−4;N−2
) ]
. (B.5)
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A(N−2,2N−4)〈P↔H〉 =
1√
rN−2
exp
(−mN−4x1 − nN−4x2 + aN−4;N−2 + ibN−4;N−2 + ipi) ,
A(N−2,2N−2)〈P↔H〉 =
1√
rN−2
exp
(−mN−2x1 − nN−2x2 + aN−4;N−4 + ibN−4;N−4) ,
rN−2 =
1
c
[
exp
(−2mN−4x1 − 2nN−4x2 + 2aN−4;N−2)
+ exp
(−2mN−2x1 − 2nN−2x2 + 2aN−4;N−4) ]. (B.6)
Appendix C Sp(N)/U(N) with N = 4m− 1
The relevant elements of 〈A↔ B〉, 〈B ↔ C〉, 〈C ↔ A〉 of the mass-deformed nonlinear
sigma model on Sp(N)/U(N) with N = 4m− 1 are presented in this section.
A(N,N)〈A↔B〉 =
1√
sN
exp
(
mNx
1 + nNx
2 + aN ;N + ibN ;N
)
,
A(N,2N)〈A↔B〉 =
1√
sN
exp
(−mNx1 − nNx2 + aN ;2N + ibN ;2N) ,
sN =
1
c
[
exp
(
2mNx
1 + 2nNx
2 + 2aN ;N
)
+ exp
(−2mNx1 − 2nNx2 + 2aN ;2N) ]. (C.1)
A(N−1,N−1)〈B↔C〉 =
1√
tN−1
exp
(
mN−1x
1 + nN−1x
2 + aN−1;N−1 + ibN−1;N−1
)
,
A(N−1,N)〈B↔C〉 =
1√
tN−1
exp
(
mNx
1 + nNx
2 + aN−1;N + ibN−1;N
)
,
tN−1 =
1
c
[
exp
(
2mN−1x
1 + 2nN−1x
2 + 2aN−1;N−1
)
+ exp
(
2mNx
1 + 2nNx
2 + 2aN−1;N
) ]
. (C.2)
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A(N,2N−1)〈B↔C〉 =
1√
tN
exp
(−mN−1x1 − nN−1x2 + aN−1;N + ibN−1;N + ipi) ,
A(N,2N)〈B↔C〉 =
1√
tN
exp
(−mNx1 − nNx2 + aN−1;N−1 + ibN−1;N−1) ,
tN =
1
c
[
exp
(−2mN−1x1 − 2nN−1x2 + 2aN−1;N)
+ exp
(−2mNx1 − 2nNx2 + 2aN−1;N−1) ]. (C.3)
A(N−1,N−1)〈C↔A〉 =
1√
uN−1
exp
(
mN−1x
1 + nN−1x
2 + aN−1;N−1 + ibN−1;N−1
)
,
A(N−1,2N−1)〈C↔A〉 =
1√
uN−1
exp
(−mN−1x1 − nN−1x2 + aN−1;2N−1 + ibN−1;2N−1) ,
uN−1 =
1
c
[
exp
(
2mN−1x
1 + 2nN−1x
2 + 2aN−1;N−1
)
+ exp
(−2mN−1x1 − 2nN−1x2 + 2aN−1;2N−1) ]. (C.4)
Appendix D Sp(N)/U(N) with N = 4m
The relevant elements of 〈H ↔ L〉, 〈L↔ P 〉, 〈P ↔ H〉 of the mass-deformed nonlinear
sigma model on Sp(N)/U(N) with N = 4m are presented in this section.
A(N−3,N−3)〈H↔L〉 =
1√
pN−3
exp
(
mN−3x
1 + nN−3x
2 + aN−3;N−3 + ibN−3;N−3
)
,
A(N−3,N−2)〈H↔L〉 =
1√
pN−3
exp
(
mN−2x
1 + nN−2x
2 + aN−3;N−2 + ibN−3;N−2
)
,
pN−3 =
1
c
[
exp
(
2mN−3x
1 + 2nN−3x
2 + 2aN−3;N−3
)
+ exp
(
2mN−2x
1 + 2nN−2x
2 + 2aN−3;N−2
) ]
. (D.1)
33
A(N−2,2N−3)〈H↔L〉 =
1√
pN−2
exp
(−mN−3x1 − nN−3x2 + aN−3;N−2 + ibN−3;N−2 + ipi) ,
A(N−2,2N−2)〈H↔L〉 =
1√
pN−2
exp
(−mN−2x1 − nN−2x2 + aN−3;N−3 + ibN−3;N−3) ,
pN−2 =
1
c
[
exp
(−2mN−3x1 − 2nN−3x2 + 2aN−3;N−2)
+ exp
(−2mN−2x1 − 2nN−2x2 + 2aN−3;N−3) ]. (D.2)
A(N−2,N−2)〈L↔P 〉 =
1√
qN−2
exp
(
mN−2x
1 + nN−2x
2 + aN−2;N−2 + ibN−2;N−2
)
,
A(N−2,N−1)〈L↔P 〉 =
1√
qN−2
exp
(
mN−1x
1 + nN−1x
2 + aN−2;N−1 + ibN−2;N−1
)
,
qN−2 =
1
c
[
exp
(
2mN−2x
1 + 2nN−2x
2 + 2aN−2;N−2
)
+ exp
(
2mN−1x
1 + 2nN−1x
2 + 2aN−2;N−1
) ]
. (D.3)
A(N−1,2N−2)〈L↔P 〉 =
1√
qN−1
exp
(−mN−2x1 − nN−2x2 + aN−2;N−1 + ibN−2;N−1 + ipi) ,
A(N−1,2N−1)〈L↔P 〉 =
1√
qN−1
exp
(−mN−1x1 − nN−1x2 + aN−2;N−2 + ibN−2;N−2) ,
qN−1 =
1
c
[
exp
(−2mN−2x1 − 2nN−2x2 + 2aN−2;N−1)
+ exp
(−2mN−1x1 − 2nN−1x2 + 2aN−2;N−2) ]. (D.4)
A(N−3,N−3)〈P↔H〉 =
1√
rN−3
exp
(
mN−3x
1 + nN−3x
2 + aN−3;N−3 + ibN−3;N−3
)
,
A(N−3,N−1)〈P↔H〉 =
1√
rN−3
exp
(
mN−1x
1 + nN−1x
2 + aN−3;N−1 + ibN−3;N−1
)
,
rN−3 =
1
c
[
exp
(
2mN−3x
1 + 2nN−3x
2 + 2aN−3;N−3
)
+ exp
(
2mN−1x
1 + 2nN−1x
2 + 2aN−3;N−1
) ]
. (D.5)
34
A(N−1,2N−3)〈P↔H〉 =
1√
rN−1
exp
(−mN−3x1 − nN−3x2 + aN−3;N−1 + ibN−3;N−1 + ipi) ,
A(N−1,2N−1)〈P↔H〉 =
1√
rN−1
exp
(−mN−1x1 − nN−1x2 + aN−3;N−3 + ibN−3;N−3) ,
rN−1 =
1
c
[
exp
(−2mN−3x1 − 2nN−3x2 + 2aN−3;N−1)
+ exp
(−2mN−1x1 − 2nN−1x2 + 2aN−3;N−3) ]. (D.6)
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